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Abstract 

We consider three different realization problems for degree sequences. For the undirected 
case, the graph realization problem is to find for a given integer sequence s := (ai, . . . , a„) 
a labeled graph G = {V, E) (without loops and parallel edges) such that we have for the 
vertex degrees d(vi) = a^. For the directed case, the loop-digraph realization problem or 
the digraph realization problem is to find for a given sequence S := (^^), ■ • ■ , (^") a) a 
labeled digraph G = {V, A) (without parallel arcs) with at most one loop per vertex or b) 
a labeled digraph G = {V, A) (without parallel arcs and loops) such that we have for the 
vertex indegrees d^{vi) = and for the vertex outdegrees d'^{vi) = 6^. The loop-digraph 
realization problem can also be seen as the bipartite undirected graph realization problem. 
The classic literature by Erdos (1960), Gallai (1960), Fulkerson (1960), Ryser (1957), 
Gale (1957), Chen (1966) and Anstee (1982) provides characterizations for the existence 
of such realizations which amount to the evaluation of at most n different inequalities. 
This approach is strongly related to the concept of majorization (Hardy, Littlewood 
and Polya (1934)). Mahadev and Peled (1995) extended the classic approach to a more 
general result for graphs, i.e. an integer sequence s is realizable as a graph if and only if 
there exists a sequence s' which is realizable and majorizes s. This approach also leads 
to an efficient algorithm constructing a sequence of graph sequences s' =: si, . . . , Sfe =: s 
where each Si majorizes s^+i. This view gives a very short and simple proof for the Erdos- 
Gallai Theorem. We extend this approach to the loop-digraph realization problem and 
the digraph realization problem. The main result of our paper is to show a connection 
between majorization and the number of realizations for an (integer) sequence. In all 
three cases we show for two (integer) sequences S", S where S' majorizes in a certain 
sense, that S possesses more realizations than S' . For the first time, we give a precise 
characterization which (integer) sequences possess the most realizations for fixed n and 
fixed number of arcs m := X]r=i ^i- These are regular (integer) sequences when n is 
a factor of m and so-called minconvex sequences (graphs, loop-digraphs) or opposed 
minconvex sequences (digraphs) otherwise. 

Keywords: degree sequence, Gale-Ryser theorem, Erdos-Gallai theorem, majorization, 
minconvex sequence, opposed sequence, graphical sequence 
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1. Introduction 



Realization problems. In our paper we treat with three related problems m the topic of 
realizing degree sequences. 

Problem 1 (digraph realization problem/loop-digraph realization problem). Given is a 
finite sequence S := (^^), . . . , (^") with ai, bi G . Does there exist 

1) a digraph G = (V, A) without parallel arcs and loops 

2) a digraph G ~ (V, A) without parallel arcs and at most one loop per vertex 

with a labeled vertex set V := {ui, . . . jWn} such that we have indegree d^{vi) = ai and 
outdegree d'^{vi) = bi for all Vi & V? 

If the answer is "yes", we call sequence 5* in case 1) digraph sequence and in case 
2) loop-digraph sequence. Analogously, we call digraph G a digraph realization or loop- 
digraph realization, respectively. We exclude tuples in S. In case 1) we demand 
< Oi,6i < n — 1 and in case 2) < ai,bi < n. Furthermore, we will tacitly assume 
that X]r=i ~ 12'i=i ^^i^ obviously a necessary condition for any realization to 

exist, since the number of ingoing arcs must equal the number of outgoing arcs. It is 
possible to reduce the loop-digraph realization problem to a bipartite realization problem. 
Namely, one only has to consider the adjacency matrix of a loop-digraph realization as 
the adjacency matrix of an undirected bipartite graph. The and bi correspond to 
the vertex degrees of the two independent vertex sets. Furthermore, we consider the 
graph realization problem. Here, we have to decide whether there exists for a given 
integer sequence s := (ai,...,a„) a labeled graph G = {V,E) such that the vertex 
degree of vertex Vi matchs the number at for each i G N„. Analogously to the directed 
case, we call such a sequence graph sequence and the graph G graph realization. We 
demand for integer sequences that '^i even, because this is an obvious condition 

for realizability. There is a very simple connection between the graph realization problem 
and the digraph realization problem. For a given integer sequence s := (oi, . . . ,a„) one 
only has to construct sequence 5* := ("j), . . . , and to solve the digraph realization 
problem. A result of Chen |Che80| shows that each digraph sequence of this form also 
possesses a symmetric digraph realization G = {V,A), i.e. for each arc {v,w) G A{G) 
there also exist an arc {w,v) G A{G). Replacing each arc pair {v,w), {w,v) by an edge 
{v, w} results in a graph realization for integer sequence s. In the classical literature 
we observe two different approaches to solve these realization proble ms, i.e. a recur sive 
algorithm constructing a realization as develo ped by Havel and Hakimi [HavSSl Hak65j for 
the undirected case by Kleitman and Wang |KW73| for the directed case. The so-called 



characterization of sequences is the second approach which lastly results in the evaluation 
of at most n inequalities. Our work is strongly connected with this approach. For that 
reason we briefly survey these results in this section. There exist several different notions 
for these results. We decided to use the classical connection to the relation maj orization 



-< of real vectors which was introduced by Hardy, Littlewood and Polya 1934 [HLP34|. 
In our work we identify an integer sequence s := (ai,...,an) with an n-dimensional 
integer vector and a sequence S := (^^^), . . . , (^") with a pair of n-dimensional integer 
vectors a = (ai, . . . , a„) and b = (6i, . . . , &„). For simplicity, we often denote a sequence 
S := (°^^) , . . . , (^'*) by 5 = (^). Furthermore, we need a notion for a lexicographical 
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sorting of a sequence. We call the relation >iexC. Z+ x Z+ with 

>iex <^ a> a or {a^ a A 6 > b'), 

lexicographical relation. The lexicographical ordering is a total ordering, i.e.. reflexive, 
antisymmetric and transitive. Hence, it is possible to number all tuples of a sequence 
S such that we have (^*) >iex (b^) if and only if i < j. We denote such a labeling of a 
sequence by decreasing lexicographical sorting. 

Definition 1.1 (Majorization). We define the relation majorization Z" x Z" by 
a ^ a' if and only if 



Oi < a'l for all k E — 1} and 

i=l i=l 
n n 



Vector a is said to be majorized by a' or a' majorizes a, respectively. 

Next we consider threshold sequences for graph sequences, loop-digraph sequences and 
digraph sequences. Threshold sequences are graph sequences (loop-digraph sequences, 
digraph sequences) which only possess one unique graph realization (loop-digraph realiza- 
tion, digraph realization) . Fore more details ab out thr eshold sequences in the undirected 
case consider the book of Mahadev and Peled |MP95| . Note, that a threshold sequence 



in the undirected case can only majorize other sequences but cannot be majorized by an 
other sequence. Each realizable (integer) sequence has at least one corresponding thresh- 
old sequence which can easily be constructed by a Ferrers matrix. A Ferrers matrix 
corresponds to exactly one threshold sequence. Moreover, a Ferrers matrix is the adja- 
cency matrix of the one unique realization of a threshold sequence. In the directed case, 
the sequence of row and column sums are exactly the first and second components of the 
threshold sequence. The interpretation in the undirected case is very simple, if one uses 
the view on digraph sequences S := . • . , (^")- Ferrers introduced this notion in the 
context of partitions (rows and column sums can be in terpret ed as a partition and its dual 
partition). For more inform ation see Sylvester 1882 |SF82i or visit the overview about 



Norman Macleod Ferrers in |Feg|. In our context, we determine for a given sequence a 
corresponding threshold sequence. In a certain sense such a sequence S is majorized by 
its threshold sequence S' if and only if we have a realizable sequence S. In the directed 
case we only compare one component of both sequences S and S' with respect to ma- 
jorization. Indeed, this is the general statement of the characterization approach for all 
of our realization problems. For the undirected case, we again switch to the digraph re- 
alization problem for sequence S :— (°]^), . . . , (^")- Definition II. II of majorization implies 
that we have to evaluate n inequalities. Clearly, we have different Ferrers matrices for 
the loop-digraph and digraph realization problem. We formally introduce these matrices 
and present the classical characterization results with this notion. 

Definition 1.2 (Ferrers matrix for loop-digraphs, threshold sequence for loop-digraphs). 
Given is a sequence S := (^^), . . . , (^") with Oi > Oi+i for all i G {1, . . . ,n — 1}. We 
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construct an [n X n)-matrix F := (Fij)i_j^iq^ with 



F 



1 if]<bi 
if3>h. 



Let a'l denote the ith column sum of F. We call sequence S' • • • j (t") o, corre- 

sponding threshold loop-digraph sequence for sequence S. 

Clearly, each sequence (taking our definition with < 6^ < n) possesses such a Ferrers 



matrix. We cite the classical characterization result from Gale and Ryser |Gal57l . lRvs57 1 
loop-digraphs or bipartite graphs, respectively. 

Theorem 1 (Gale, Ryser). Let S := (^) be a sequence with Oi > a^+i for all i G 

{!,..., 71 — 1} and S" = (^) be a corresponding threshold loop-digraph sequence. Se- 
quence S is a loop-digraph sequence if and only if a -< a' . 

Note, that although a sequence S always has a threshold sequence, it has not to be a 
loop-digraph sequence. Next we give the characterization result for digraphs. Again, we 
introduce Ferrers matrices in this context. 

Definition 1.3 (Ferrers matrix for digraphs, threshold sequence for digraphs). Given is 
sequence S := {21)1 ■ ■ • i it") 'i'*^^ ^ o-i+i for all i G {1, . . . , n — 1}. We construct an 
(n X n)-matrix F :— {Fij)ij^tq^ with 



F 



1 tf{j<hAj<i)V{j<h + lAj>i) 
otherwise. 



Let a[ denote the ith column sum of F . We call sequence S' := (^j), . 
sponding threshold digraph sequence for sequence S. 

In contrast to the analogous loop-digraph realization problem, a sequence S can 
possess several different corresponding threshold digraph sequences. The reason is that 
different sortings of the tuples in S with respect to decreasingly sorted can lead to 
different Ferrers matrices. Nevertheless, the characterization theorem is true for an 
arbitrarily choosen threshold digraph sequence. This result is relatively unknown until 
today. In 1966 Chen |Che66| only proved the characterization theorem for lexicographic 
decreasingly sorted sequences ( and its Ferrers matrices). Very recently, we proved this 
theorem in its general form in |Berll |. Subsequently we found out that Anstee already 



observe d this in 1982 in the context of bipartite (0, l)-matrices with several restrictions 
[Ans82| . 



Theorem 2 (Fulkerson,Chen, Anstee). ]Fu16A. I C/tegi . \Ans8i] Let S :~ (^) be a sequence 



with a.i > Gi+i for all i G {1, . . . , n — 1} and S' = (^) be the corresponding threshold 
digraph sequence. Sequence S is a digraph sequence if and only if a ~< a'. 

Applying this theorem to sequence S := • . • , (°") and keeping in mind that each 
digraph sequence of this form also possesses a symmetric digraph realization |Che66l | 
we get the well-known result of Erdos and Gallai. First, we define the threshold graph 
sequence s' := {a'l, . . . , a'„) of s = (oi, . . . , a„) to be the first component of threshold 
digraph sequence S' := (°i), . . . , (^") from Definition 11.31 
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Theorem 3 (Erdos, Gallai 1960). JegMJ Let s = (ai,...,a„) be an integer sequence 
with at > Oi+i for all i S {!,..., n — 1} and s' be the corresponding threshold graph 
sequence. Integer sequence s is a graph sequence if and only if s ^ s' . 

Note, that an integer sequence can possess a threshold sequence but is not a graph 
sequence. Consider for example integer sequence (3, 3, 1, 1). To the best of our knowledge 
the complixity status for the corresponding counting problems, i.e. counting the number 
of realizations for a given (integer) sequence, is open for all three realization problems. 
In contrast, for a related problem — the bipartite multigraph realization problem, i.e. 
counting the number of bipartite multigraphs for a given sequence, is known to be (IP-hard 
|DKM95t . On the other hand there exist a lot of work for counting graph realizations and 
loop-digraph realizations to a given (integer) sequence in the context of approximation . 



approx i mation a lgorithms and randomized algorithms see for example |BC78I . IMWQII 



JSV04I . iBBVOel . iBLSYld . iBarOSl . ICGM08| . However, in our work we concentrate on 



a connection between different (integer) sequences with respect to the number of their 
realizations. 

Our Contribution. There are different approachs to prove Theorems [31 [D and [T] using for 
example network flow theory or induction. In the next section we give ge neraliz ations 
for these theorems. The first one for graphs is from Mahadev and Peled |MP95| . We 



follow their approach and extend it to the two directed cases. The proofs are very simple 
and can easily be used for proving the last three given theorems. Additionally, they 
give efficient algorithms for constructing a suitable realization. We believe these are the 
shortest known proofs for the characterization of degree sequences. Our main question 
for this work was to find a relationship between different sequences of n tuples and m 
arcs with respect to the number of realizations of them. It is well-known that threshold 
sequences possess exactly one unique realization. We found a regular connection which 
is in a certain sense a generalization of this insight. In particular we found that for two 
sequences S, S' where S' majorizes S in a certain sense, the number of graph realizations 
of S is larger than the number of realizations of S' . This we could prove for all three 
realization problems. Clearly, there are several restrictions. So, for the loop-digraph 
problem the first component of S has to be decreasingly sorted, for the digraph problem 
S has to be lexicographical decreasingly sorted, and in the graph realization problem the 
integers are decreasingly sorted. Note, that it is sometimes possible to find a lower bound 
on the number of realizations for sequences with exponentially many realizations. We do 
not explicitly point out this result, but it can easily be computed in determining a possibly 
long transfer path, i.e. a sequence of sequences , . . . , S'' with a special type of transfers. 
Such a result can be very important for the well-known uniform sampling problem. In 
the topic of network analysis people often try to sample a realization for a given sequence 
uniformly at random. Clearly, the mixing time also depends on the number of existent 
realizations. If there only exists a polynomial number of realizations one could enumerate 
all of these realizations and solving the problem by choosing a number uniformly at 
random. Our approach leads to several first insights with respect to this problem and 
in some cases one can easily determine that there has to be exponentially many of such 
realizations. Lastly, we proved for all three problems that so-called minconvex sequences 
possess the largest number of realizations under all realizations with fixed n and m. 
For digraph sequences the result is more complicated. Here, a special kind of minconvex 
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sequences possess the largest number of realizations, i.e. opposed sequences where the first 
component is in decreasing and the second component is in increasing order. Minconvex 
sequences are in certain sense the 'contrary threshold sequences'. They can only be 
majorized (and not majorize) by sequences and possess the largest number of realizations. 

Overview. In Section[2j we generalize the characterization Theorems [1] and [2j The proofs 
lead to a new type of realization algorithms. In Section [31 we explore the connection 
between majorization and the number of realizations for a given degree sequence. Fur- 
thermore, we show that minconvex sequences possess the largest number of realizations. 



2. Generalizations of Characterizations of Degree Sequences 



Similar but not identical to Mahadev/Peled \MP9^ and Marshall/Olkin |M079t we define 



transfers on integer sequences. We call integer sequences := (ea, ■ • ■ , Bin) with en = 1 
and eik ~ for all k G N„ \ {i} unit sequences. 

Definition 2.1 (transfer). Let s (ai, . . . ,a„) be an integer sequence with at > aj +2 
for some i,j G {1, . . . , n} with i < j. An operation tij{s) s — Ci+Cj on the set of integer 
sequences, where Ci and ej are unit sequences, is called an (z, j)-transfer. Sometimes, we 
use the notion transfer. 



We repeat a classical result of Muirhead |Mui02l | in a version by Mahadev and Peled 



|MP95I | with a small distinction for our specific investigations. This proof gives also an 
instruction how to construct an integer sequence s := (ai,...,a„) by another integer 
sequence s' := {a[, . . . , a^), when s is majorized by s' . 

Theorem 4 (Muirhead 1902). \MuiOi] Let s := (ai, . . . , a„ ) with ai > ■ ■ ■ > On and s' :— 

{a'l, . . . , a^) be integer sequences and s -< s' . Then s can be derived from s' by .successive 
application of a finite numberk of (ii, ji) -transfers, i.e. s — tik.jk°^ik-i,jk-i°' ' 

Proof. We can assume that a and a' are different. Let I be the largest integer for which 

1=1 i=l 

Then ai^i > aj^-^, and there is a largest integer k < I for which Ok < a'f.. Thus, aj. > 
o-k > > flj+i- It follows 

a'k > + 2. (*) 

Let s" := tk.i+i{s') be obtained from s' by a {k,l + l)-transfer. Clearly, — 
121=1 holds for all r < /c and r > I. Assume this inequality failed for some r G {k, ...,/}, 
namely X]I=i "^i' Sl=i '^i- assumption with respect to the choice of k and I we 

have Or+i > a'^^i = a'^_^_i for all r with k < r < I — 1. Hence, we find X]'=i '^f ^ 
if we add all components for indices r + 1 to ^ on both sides of the inequality. On the other 
hand, we know that aj+i > aj_|_]^ = a"_j_i — 1- It follows X^iii = X^'ii ^7 < Y^iti 
which contradicts the fact of equality. Hence, s ^ s" ^ s' . Repeating this approach 
proves the theorem. □ 

6 



In contrast to the original proof we have only ordered the integers in s whereas we 
omitted the ordering of the integers of s' . This is in fact very important with respect to 
the digraph realization problem. It turns out that Muirhead's Lemma can be used for 
the construction of a graph realization, loop-digraph realization and a digraph realization 
if one starts with the corresponding threshold sequence of a given graph sequence, loop- 
digraph sequence or digraph s equenc e, respectively. The variant for graph sequences was 
given by Mahadev and Peled |MP95I |. 

Theorem 5 (Mahadev and Peled 1995). If s' is a graph sequence and s is an integer 
sequence such that s ^ s' , then there exist graph sequences 

such that s* yields s^'^^ by a unit transfer, i.e. s*+^ -< s'. In particular, s is a graph 
sequence. 

Mahadev and Peled give a proof which uses Theorem U] by Muirhead, constructing for 
each sequence step by step a graph realization. Moreover, we can consider this theorem 
as a generalization of Theorem [3] by Erdos and Gallai, since it is very easy to determine 
a threshold graph sequence s' for an integer sequence s by using the Ferrers matrix of 
Definition ll.3l On the other hand, we get a further realization algorithm for a given graph 
sequence. In the following, we want to extend this approach to loop-digraph sequences 
and digraph sequences. 

Theorem 6. Let S' := ("^j be a digraph sequence and S := (^) be a sequence such that 

a ^ a' and Oi > • • • > a„. Then there exist digraph sequences S' := ), ("^^ ),..., ) ~: 
S such that a* yields a^~^^ by a unit transfer, i.e. a'"*"^ ^ a*. In particular, S is a digraph 
sequence. 

Proof. The existence of integer sequences := a', . . . := a such that a* yields a'^^ 
by a unit transfer follows from Theorem 2] by Muirhead. We show by induction with 
respect to the length r of the sequence of integer sequences a' that each (° ) is a digraph 

sequence. Let G* be a digraph realization of sequence S*' = ) and let 5"*+^ = (" h ) 
obtained by a (fc, Z)-transfer, i.e. 0'+^ = tk.i{a'^). With (*) in the proof of Theorem SJ 
we have a],>a\ + 2. Hence, there exist two different vertices S V{G'^) with j ^ fc, 
j' ^ k where {j,k), [f ,k) e A{G^) and i A{G^). Clearly, for at least one of 

the vertices j and j' we find j ^ I ot j' ^ I. W.l.o.g. we assume j ^ I. Then this digraph 
G'+i is defined to possess the arc set A{G'+^) := {A{G'') \ {(j, fc)}) U {{j, I)} is a digraph 
realization of sequence S""*"^. □ 

Remark 1. In Theorem\^it is not necessary to sort digraph sequence S iftij{a') = a, 
i.e. r ~ 2. The reason is that this sorting is only necessary for Muirhead's Theorem^ 
The construction of a digraph does not need this sorting. 

Clearly, this theorem generalizes Theorem [5] of Fulkerson, Chen and Anstee if we 
demand that S" is a threshold digraph sequence of S. Furthermore, we get a new digraph 
realization algorithm for S, which first determines for a given sequence S ~ (^) its 

threshold sequence S' C^j. In the case that S* is a digraph sequence (a -< a'), 
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the algorithm determines with Theorem 0] and the proof of Theorem IH] step by step a 
sequence of digraph sequences S' := ("j^ ), ("^^ ),..., ("^^ ) =: S and corresponding digraph 
reahzations G^, G^, . . . , C". We can use a shght relaxation of the proof from Theorem [5] 
for the case of loop-digraph sequences. (We only have to delete the demands j ^ k, j' ^ k 
and j ^ I.) We get a generalization of Theorem [1] by Gale and Ryser. 

Theorem 7. Let S" ("^j be a loop-digraph sequence and S (^) be a sequence 
such that a ^ a' and ai > ■ ■ ■ > an- Then there exist loop-digraph sequences S" := 
),..., ("jj ) = S such that a* yields a*+^ by a unit transfer, i.e. a^'^^ -< . In particular, 
S is a loop- digraph sequence. 

Remark 2. In Theorem\^it is not necessary to sort loop-digraph sequence S iftij{a') = 
a, i.e. r ~ 2. The reason is that this sorting is only necessary for Muirhead's Theorem 
[7} The construction of a loop-digraph does not need this sorting. 

We introduce a special notion for sequences S' := ("j^ ),..., ("^^ ) = of (loop)-digraph 
sequences as they appear in Theorems [5] and [T] 

Definition 2.2 (transfer path). Sequences S' :== {"■^),. ..,S\..., {°-^) ^ S of (loop)- 
digraph sequences with a'"*"^ -< a* and tk^^i.{a'^) ~ a*"*'^ where ki,li £ {l,...,n} are 
called transfer paths. We denote the value (r — 1) as the length of a transfer path. 

Note, that the last three theorems give a proof for the existence of at least one transfer 
path between two (loop)-digraph sequences where one majorizes the other one. Clearly, 
there often exist several different such paths with different lenghts. We give an example. 

Example 2.1. We consider the two loop-digraph sequences S := (1)7(1)1(2)7(2) ^"■'^ 
S" := (^), (^), (2), (2)- Then we find the following transfer paths. 

1- ^'=(t).(D.(^).(^).^^=(?)>(?)>(^)-(^).5^=(?)>(D>(D>(^)>^^=(?)-(D.(D.(^) 
2. 5'=(t),(D,(°),(°),5^=(D,(D>(2)-(^).5^=(?)>(D>(2)>(^) 
^■sHt)^ (D . . ^s'={t) , (!) , (D - Q >5^= (?) - (?) , il) , Q ,s'= (?) , (?) , (D , Q 
4.s'={t), (?) , Q , Q ,s'={l) , (?) , Q - Q ^s'Hl) ^ (?) , il) , Q ,s'= (?) , (?) , (D , Q 

The second transfer path is the one constructed in the proof of Theorem\^ 

Note, that it is possible that the first components a* are not decreasingly sorted (see 
our fourth transfer path). This is indeed important, because several digraph sequences 
do only possess threshold digraph sequences which are not decreasingly sorted. For that 
reason it was neccessary to change the proof of Muirliead in Theorem 21 

3. The Connection between Majorization and the Number of Realizations 

The main result of this section is to see that the number of (loop)-digraph realizations 
for a given (loop)-digraph sequence is smaller than the number of (loop)-digraph realiza- 
tions for each majorized sequence. Indeed we prove that the number of (loop)-digraph 
realizations increases for each loop-digraph sequence in a transfer path. Since, each pair 
of sequences possesses at least one transfer path as we showed in the last section our 
claim can be proven by this approach. We want to give a short intuition for this idea. A 
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threshold (loop)-digraph sequence can only majorize other (loop)-digraph sequences and 
has only one unique realization. We asked if this property can be extended: Do sequences 
'near by' threshold sequences possess only few realizations in contrast to sequences with 
a 'large distance' to a threshold sequence. This conjecture is true in a certain sense and 
can give for each sequence a 'feeling' of the number of realizations. Following this result, 
we can observe that regular sequences (a^ = bi = d for all i G N„) possess the largest 
number of realizations in the set of all sequences with n tuples and fixed m := X]r=i 
The reason is that regular sequences can only be majorized by other sequences. Note, 
that regular sequences do only exist in the case m mod n = 0. It turns out, that (loop)- 
digraph sequences with a minimum sum of squared indegrees and a minimum sum of 
squared outdegrees possess the maximum number of realizations in the set of all se- 
quences with fixed n and m. We call such (loop)-digraph sequences minsquare sequences 
or more general minconvex sequences. To see the connection between sum of squares 
(conve x functio ns) and majorization consider the famous result of Polya, Littlewood and 
Hardy [HLP29l |. 

Theorem 8 (Hardy, Polya, Littlewood 1929). \HLP2A] Let g : R ^ R be an arbitrary 
convex function and a,a' G R". We have 

n n 
i=l 1=1 

if and only if a ^ a' . 

There is a nice classic connection which is worth to be mentioned here. Let us define the 
following set DS with 

DS := {s = (oi, . . . , a„)| s is a graph sequence.} 

Then t he polytope of graph sequences is defined as the convex hull Dn of DS. Koren 
|Kor73l | proved the following theorem. 

Theorem 9 (Koren 1973). A graph sequence is an extreme point of Dn if and only if it 
is a threshold sequence. 

The following ideas are folklore but we want to point out the interesting connec- 
tion between majorization and threshold sequences. Hence, each graph sequence s := 
(ai, . . . ,a„) can be constructed by a convex combination of threshold sequences Xi := 

{xii, . . . ,Xin), i.e. s = X]i=i ^i^i where X]i=i -^1 = 1 i^i > 0). For an arbitrary convex 
function g : M n- M — using the inequality of Jensen — we get 

n n k n k k n 

We can conclude that there exists at least one xi with X^J^i 9{^ij) ^ Ej^i di^j)- Assume 
this is not the case. Then we have 

k n k n n 

X AiXg(a;y ) < XA,X5(aj) = "^g{aj) 

i=l j = l 1=1 j=l j = l 
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in contradiction to our above inequality. By Theorem [5] there exists an Xi with s ^ x,; . 
Hence, the connection of majorization and threshold sequences follows from the property 
that threshold sequences are extreme points of the polytope of graph sequences. It is very 
natural to ask for the number of realizations of graph sequences that are not threshold 
sequences. Clearly, the number is larger than one. But a very intuitive idea for us was to 
ask for a more regular connection. We start our discussion with loop-digraph sequences, 
because the proofs are simpler than in the case of digraph sequences and graph sequences. 
Nevertheless, we try to develop our proofs in an analogous way for all cases. 



3.1. The number of loop- digraph realizations and majorization 

In a first step, we define the set R{S) of all loop-digraph realizations for a given loop- 
digraph sequence S = (^) and denote by N{S) := |i?(S')| the number of loop-digraph 
realizations of S. We want to give a connection between (i, j)-transfers on a loop-digraph 
sequence S' , i.e. tij[a') = a and a corresponding operation on a loop-digraph realization 
G' of S" leading to a loop-digraph realization G of S. Let us now consider the adjacency 
matrix A' for an arbitrary loop-digraph realization of sequence S' . Then a'^,aj are the 
sums of the ith or jth columns, respectively. On the other hand, we find > a'j 4- 2. 
Hence, it is possible to shift |a^ — a^ | > 2 entries 'one' from the ith column in the jth 
column. So, we can construct — | > 2 different loop-digraph realizations of S from 
the one loop-digraph realization G" of S' with such shifts. More formally, we define: 



Definition 3.1. We call an operation on the adjacency matrix A' — (^fc/)A;,;e{i....,n} of 
loop-digraph realization G' S R{S'), which switches the entries of A'j^^ = 1 and A'j^j — 
for one k, an (i, j)-shift on G' . We denote the subset of loop-digraph realizations from S 
which are constructed by (i, j)-shifts from a loop-digraph realization G' by ShiftijiG' , S). 

Let us now consider two arbitrary loop-digraph realizations of 5', namely G'l and G'2. 
Then it can happen that Shifti j{G'i, S) D Shiftij(G2, S) ^ 0. We give an example. 

Example 3.1. We consider the adjacency matrices A'l and A'2 of the two loop-digraph 
realizations G'l and G'2 for loop-digraph sequence S' := (^) , (^) , d*), ('j'), Cj*), d*) and apply 
on each of them all 4 possible (1, 2) — shifts. These shifts result in loop-digraph sequence 



/O 


1 
1 
1 

V 



0-0 



0- 










Hence, (3, 3, 0, 0, 0, 0) = ii,2(4, 2, 0, 0, 0, 0). 








0/ 



Shifti^2{G[,S) n Shtfti^2{G'2,S) = 
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possible loop-digraph realizations for S' and L) loop-digraph realizations 
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More generally 
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Carefully comparing the two adjacency matrices we observe that their symmetrical 
difference contains exactly four arcs forming a directed alternating cycle, i.e. all four arcs 
alternate in their direction and in their appearance in G[ and Gj. Especially, loop — arcs 
are possible. Moreover, all of these arcs correspond to the first or second column of the 
matrices - the same columns as in the (1,2) — shift. In the following proposition we see 
that (i, j)-shifts on two loop-digraph realizations can lead to identical realizations if and 
only if the symmetric difference of their arc set is an alternating 4-cycle and contains 
arcs which can be shifted. 

Proposition 1. Let S :~ (^) and S' :~ ("^j be two different loop-digraph sequences with 
ti.j{a') = a. Furthermore, we assume that G'l and GJ, with G'l ^ G'2 are loop-digraph 
realizations of S' . Shift{G[,S) H Shift{G'2,S) ^ % if and only i/ A(Gi)AA(G^) = 
(fc', j), (fc,j), (fc',*)} with {k,t), e A{G[)\AiG',) and (fc, j), ik',i) S A(G^)\ 

A{G[) where k ^ k' . 

Proof. First we consider an arbitrary loop-digraph realization G with G G Shift{G[, 5)n 
Shift{G2, S) C R{S). Then there exist two different (i,j)-shifts - one in G'l and one 
in G'2, say a shift changing {k',i) £ A{G2) to ^ A{G2) and (fc, i) e A{G[) to 

(fc, j) ^ A{G'i). Since both (i, j)-shifts lead to the loop-digraph realization G, we can 
conclude {k',i) ^ A{G[), {k,i) ^ A(G^), e A{G[) and (fc,j) G A(G^). More 

differencies between G'l and G'2 cannot exist. 

The converse implication holds trivially. For the two loop-digraph realizations G'l and 
G'2 we define the (i,j)-shifts {k',i) G A{G'^) to (fc',j) ^ A{G'^), and {k,i) G A(Gy to 
{k,j) ^ A{G'2). Clearly, we get the same new realization G. □ 

We call two loop-digraph realizations G'^ , G'2 with a symmetric difference like in Proposi- 
tionm(i,j)-adjacent. We define the subset M(i,j) C R{S') of all loop-digraph realizations 
of S' as 

M{i,j) := {G' G R{S')\ there exists a G2 G R{S') such that G' and G'2 are (i,j)-adjacent.} 

Then we get for two loop-digraph realizations G'l, G'2 G R{S')\M{i, j) that Shiftij{G'i, S)n 
Shiftij{G'2,S) = 0. Hence, the number of loop-digraph realizations which can be con- 
structed by shifts from elements in R{S') \ M is at least |a- ~ a'j\ ■ \R{S') \ M{i,j)\ > 
2-\RiS')\Mii,j)\. 

Proposition 2. Let S := (^) and S' := ("^j be two loop-digraph sequences with tij{a') = 
a. Furthermore, we assume that G'i,G'2 G R{S') \ M{i,j). Applying all possible {i,j)- 
shifts on all elements in R{S') \ M{i,j) we get a subset of R{S) which is at least twice 
the cardinality of R(S') \ M{i,j). In particular, we get 

I y SMft,,,{G', 5)1 > \a'^ - a;| • \R{S') \ M{t,j)\ > 2 • \R{S') \ M{i,j)\. 

Let us consider an extremal example for such a situation where we apply one after 
another {i, i -\- l)-shifts for i G {3, . . . , n — 1} on loop-digraph realizations which are not 
(i,i -f- l)-adjacent. Clearly, this leads to exponentially many loop-digraph realizations. 
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Example 3.2. Let us consider the threshold loop-digraph sequence 



-K"r)'(":0'("r).-.(„!3).u.).(„°o 

possessing exactly one loop-digraph realization. The Ferrers matrix of S' only possesses 
entries above and on its main diagonal. Below this diagonal its enries are 1. 
First we apply an (l,3)-shift and get two loop-digraph realizations of sequence . Then 
we apply one after another a (3, 'i)-shift, (4, 5)-shift,. . . ,{n—l, n)-shift and get realizations 
for sequences S\ S\ . . . , S"-^ =: S. We get S = (""2) , ("-2) , . . . , (^i J, (^i J. In each 
step we have two possibilities for a shift. On the other hand, there cannot be {i,i + 1)- 
adjacent realizations in M(i,i + 1) C R{S^^^), because realizations of M{i,i + 1) C 
R{S^^^) can only differ in the first i columns but not in the {i + \)th column. Hence, 
N{S) > 2"-2. 

Note, that we have for sequence S and S' m our example ii,„(a') ~ a. That is, only 
one shift would have been sufficient to achieve loop-digraph sequence S. In this case we 
only have n — 1 possible (l,n)-shifts and so our estimation for a lower bound of N{S) 
is 71 — 1. Hence, the kind of transfer paths plays an important role for the estimation of 
the possible lower bound for the number of realizations. In particular, the situation of 
the existence of two different (i, j)-adjacent loop-digraph realizations of a sequence S** 
on a transfer path S' , S"^, . . . , S'' {S' is threshold sequence) can only appear if there were 
(i, Z)-shifts and (fc, j)-shifts on transfer subpath S' , . . . , S^~^. Hence, we can conclude the 
following result. 

Corollary 1. Let S := (^) be a loop-digraph sequence and S' := ("J^) its threshold loop- 
digraph sequence. If there exists a transfer path S' , . . . , S of length k such that we have 
for each pair of transfers tij and ti'jr, i ^ i' and j ^ j' , then we have N{S) > 2'^. 

Note, that it is possible that we have j = i' or i ^ j' as in Example 13.21 In the next 
steps, we need a combinatorial insight for binomial coefficients. 

Proposition 3. Let j' -.^ i' - I where i',j'J eN. For I > 1 we have > (%"')■ 

Forl>2 we have > {%7^) . 

Proof. We consider Pascal's triangle in a row 2i' — I. For an even 2i' — I, we find the 
maximum binomial coefficient {^^Sl) ■ In this case I must be even and therefore / > 
2. Clearly, the binomial coefficient decreases symmetrically starting on the maximum 
middle binomial coefficient in the directions of both borders of Pascal's triangle. Since, 
\i' — («' — |)| = I and |i' — | — (i' — ^ + 1)| = 5 — 1, bionomial coefficient is nearer 

to the maximum bionomial coefficient than (^\r') ■ Hence, (jfljT^'j^) > ('^V ') • ^'^^ 
odd 2i' — I, we find the two maximum binomial coefficients and (^^,^ 1 / , -I ) in 

row 2i' — I of Pascal's triangle. Again, the binomial coefficients decrease symmetrically 
starting on the two maximum middle binomial coefficients in the directions of both 
borders of Pascal's triangle. Since we have for / > 3, 

1. |^'-(^'-i(^ + l))| = 1(^ + 1), 

2. |j'-Z + l_(i'-i(/ + l))| = i(;-3) 
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3. |^'-(^'-i(^-l))| = 1(^-1), 

4. \i' + {i' - ^{l - 1))| ^ i(; - 1) and 

i(Z — 3) < i(/ — 1) we get that is nearer to the right maximum binomial 

coefficient than (^^r') to the left maximum binomial coefficient in Pascal's triangle. 
Hence, we have > (^V ^'^^ ^ — ^- ^'^^ consider the case I = 1. We ffiid 

that = (2':-'). Hence, we have (.^f-'J > (^y^) for I > 1. □ 

Let us now consider all loop-digraph realizations which are constructed by (i, j)-shifts 
on elements in M{i,j). Then we ffird the following result. 

Proposition 4. Let S := (^) and S' :~ be two different loop-digraph sequences 
with tij{a') = a and M(i,j) ^ 0. Applying all possible [i, j)-shifts on all elements in 
M(i,j) C R(S') we get a subset of loop-digraph realizations R{S) which has a larger 
cardinality than M{i, j), i.e. | lJG'eA/(i j) ^ 

Proof. Two (i, j)-adjacent loop-digraph realizations in M{i,j) do only differ in the ith 
and jth columns. There are at least ~ a'j\ > 2 and at most a'^ possible (i, j)-shifts in 
each realization. More precisely, there exist z' (i, j)-shifts in each such realization with 
2 < i' < a[. Hence, we can conclude for an adjacency matrix of such a realization that 
there exist z' < a[ rows with entry "one" in column i whereas the entries in the jths 
columns of these rows are "zero". Consider a schematic picture where the permutation 
of the indices has been ignored. That means, the rows have been permuted to form four 
different blocks. 
A' 

1 

1 / 

z' 



V 

Since a'^ > a'j -\- 2, we find in the zth column j' = i' — I rows with entries "zero" 
{I > 2) whereas the entries of these rows in the jth column are "one". There are different 
possibilities for i' and j' , but for two (i, j)-adjacent elements in M{i,j) these values are 
fixed with Proposition [T] We have additionally j' > 1 and i' > 3. Otherwise there is no 
possibility for finding an (i, j)-adjacency for two realizations in M{i,j). Hence, for each 
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\ 1 



fixed pair i' ,j' can either exist ) = (^\r') loop-digraph realizations of S' or no loop- 
digraph realization of S' in M{i,j). This is true, because the entries in the corresponding 
(i' + j') rows in columns i and j can be permuted and maintain the row sums. Hence, 
we can divide the set M{i,j) in disjoint subsets m{i' for each fixed pair That 
is 



M{i,j) 



l<j'<i'-l 

It is sufficient to consider one arbitrary m{i',j') which is not empty. Now, we can 
apply all possible (i,j)-shifts on each realization of m{i',j'). We get exactly = 

{^f^^-j) different loop-digraph realizations of S. Since, > (^V ^'-'^ non-empty 

iTT'i'i'' i.f) with I > 2 (Proposition 121) our proof is done. 



□ 



We put the parts of all propositions together and get Theorem [TOl 

Theorem 10. Let S := (^) and S' := ('^) be two different sequences with tij{a') = a. 
Then it follows N{S) > N{S'). If S' is a loop-digraph sequence, then we have N{S) > 
N{S'). 

Proof. If 5" is no loop-digraph sequence, then N{S') = and the inequality holds triv- 
ially. So let us consider the case that S' is a loop-digraph sequence. Then S is also a 
loop-digraph sequence with Remarkj^] A loop-digraph realization of S' is either in AI {i,j) 
or in R{S')\M{i,j). Now we apply for all realizations of S' all possible (i, j)-shifts. Then 
we get 

U Shift,,,{G\S)cR{S). 

G'eR{S') 

(Note, that not all elements in R{S) must be achieved by such shifts.) We apply Propo- 
sitions [5] and S] and get 



N{S) > 



[j Shift,^,{G',S) 

G'(£R(S') 



u 



Shift,^,{G\S)) 



G'eRiS')\M{i,j) 

> 2\R{S')\M{t,j)\ + \Mii,j)\ 

> N{S') 



( y Shtft,,,{G',S)) 
G'eM{i,j) 



□ 



If we now consider a transfer path between two loop-digraph sequences S and 5" where 
S" majorizes S, we can easily conclude by Theorem [TU] the following generel result with 
respect to majorization. 

Corollary 2. Let S := (°) with ai > ■ ■ ■ > a„ and S' ('^j be two different loop- 
digraph sequences with a -< a! . Then N{S) > N{S'). 
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Proof. There exists at least one transfer path S' := ("j^ ), . . . , ("j^ ) =: 5 with a'^^ -< a' 
by Theorem [71 We show by induction with respect to r the correctness of the claim. 
For r = 2 we apply Theorem [TU] and get N{S') < N{S). We consider the transfer path 
S'^, . . . , S. With our induction hypotheses we can conclude N{S'^) < N{S). For S' and 
we apply again Theorem[ini This yields N{S') < N{S^) < N{S). □ 

In Example 12.11 the loop-digraph sequence S := (2), (2), ([) , {\) possesses the largest 
number of loop-digraph realizations in the set of all sequences with 4 tuples and m = 6. 
It is not the only loop-digraph sequence with this property. If we fix the a,; in S and 
permute the bi we get loop-digraph sequences which all possess the same number of 
realizations. This can easily be seen if we consider an equivalent formulation of the loop- 
digraph realization problem, namely the bipartite realization problem. In each bipartite 
realization of sequence S we have only to permute the indices of the vertices Vi in the 
second independent vertex set corresponding to the current permutation of the bi. Hence, 
the number of bipartite realizations is identical for each such permutation. 

Proposition 5. Let S (bj)' ■ ■ • > it") loop-digraph sequence with ai > • • • > a„ 

and St := (j"^^^), • ■ • , (j"" ^) 1 sequence where the second component of S was permuted 
by permutation t : N„ 1-^ N„. Then St is a loop-digraph sequence and the number of 
loop- digraph realizations of both is identical. 



Proof. We define a permutation matrix Pt '.= {PiT(j))ij<£nn with PiT(j) '■= 



1 if i = j 

We consider for each loop-digraph realization of S or St the corresponding adjacency 
matrix A 01 At, respectively. Furthermore, we define a function b : R{St) i— > R{S) with 
:= PtAt. Since, b permutes the rows of At (and therefore the 'outdegrees') we get 
the adjacency matrix of a loop-digraph realization of S. Since b is bijective, the number 
of realizations of S and St is identical. □ 

For the digraph realization problem this statement is not true. We consider the details 
in the next subsections. In a last step of this subsection we consider a special type of 
sequences. First we define an integer sequence a := (ai, . . . , a„) for a constant m E N 
with m < by 



m div(n) + 1 for i G {1, . . . , m mod (n)} 

m div(n) for i G {m mod (n) -|- 1, . . . , 71} 



Clearly, X)"=i '^i ^ If ^ factor of to, then we have = ^ for all i G N„. 

Definition 3.2. Letr : \V\ \V\ bean arbitrary permutation and Ut — (Q;r(i)j ■ • ■ i Q^T(n)) 
a permutation of integer sequence a. We call a sequence 



OT — 
'-'A/in ■ — 



minconvex sequence. For the identity permutation t, we denote the minconvex sequence 
by Smiu- 
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In our next theorem we show that each decreasingly sorted integer sequence a := 
(ai,...,a,i) with Y^'^=i'^i — ^^'^ '^i ^ ''' ^ o,n majorizes a. With Theorem [8] by 
Polya, Hardy and Littlewood this impUes that Yl^^i di'^i) — 9i'^i) ^'^^ integer 
sequences a where g : Z i— > Z denotes an arbitrary convex funktion. This is the intuition 
behind the notion minconvex sequence. 

Theorem 11. Let a := (ai,...,a„) be a decreasingly sorted integer sequence with 
X]r=i ~ Then we have a < a. 

Proof. Assume there exists a k < n with X]i=i ^ Si=i '^i- the smallest of such 

ks. Since X]f=i ^ '^i — ^ '^i ^"o > 1 it follows ako > Ofeo ^ Ofco+i ^ ' ' ' ^ o,n- Then 

we get X]r=i ^ contradiction to our assumption. □ 

Now. we are able to prove a general result for minconvex sequences. 

Corollary 3. Let S := (^) be an arbitrary loop-digraph sequence with X]r=i ~ 

> ■ • ■ > an which is no minconvex sequence. Then we find for an arbitrary minkonvex 
sequence Slj^^ ^i^Min) > ^i^)- 

Proof. We define the following sequences. 

1. S' := (^) and 5*^ := (^^) with decreasingly sorted fer(i)- 

2. S"' := ("j). 

It is easy to see that a -< a and a ^ br (Theorem [TT|) . Hence, we find by Corollary [5] 
that N{S) < N{S') and N(S'^) < N{S") if we change the components Ur and br of 
S-; and ar and a in 5". Clearly, iV(S") = iV(S';) and 7V(S"') = A^(S'X^i„). It follows 
A^(S') < N{Slj^n)- With Proposition [5] our proof is done. □ 

3.2. The number of digraph realizations and majorization 

In this subsection we try to follow the proofs of the last subsection about loop-digraph 
realizations for the digraph realization problem. We start with an example showing that 
we cannot apply all approaches analogously. It turns out that we have to modify the 
main result in Corollary [21 In particular, it is necessary to sort a digraph sequence S in 
decreasing lexikographical order. For simplicity we take the notions of R{S) and N{S) 
of the last subsection and transfer it to the case of a digraph sequence S. Furthermore, 
we define (i, j)-shifts. 

Definition 3.3. We call an operation on the adjacency matrix A' :~ (^';;)i.;g{i,...,n} of 
digraph realization G' E R{S'), which switches the entries of A'j^^ = 1 and A'/, - = where 
k ^ j an (i, j')-shift on G' . We denote the subset of digraph realizations of S which are 
constructed by (i, j)-shifts from a digraph realization G' by Shiftij(G',S). 

Let us start with an example to discuss some problems leading to the above mentioned 
restriction. 

Example 3.3. First we apply the unique {3,4)-shift on the adjacency matrix A' of 
threshold sequence S' := (g), Q, (g) =: leading to the adjacency matrix A of 
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another threshold sequence S = (p), (2), (J), (3) =: (^), where A' := 



/O 0\ 
10 10 
10 

Vi 1 1 0/ 



and 



/^O 0^ 
10 1 
10 

Hence, a strict analogous result of Theorem \10\ for digraph sequences is not possible. 



It follows N{S') = N{S) = 1. On the other hand we have a -< a' . 



The reason for this observation is that it is only possible to apply one unique 
shift in contrast to Proposition [5] where always at least two shifts are possible. On the 
other hand it turns out (see Theorem I13p . that this result is true if digraph sequence S is 
decreasingly lexikographical sorted. However, we cannot transfer all ideas from the proofs 
of the loop-digraph realization problem. To see this, consider the following example. 

Example 3.4. Consider the adjacency matrix A' of threshold sequence S' := (J), (J), ('j'). 

/o 1 o\ /o 1 o^ 

We have A' ^ \ 1 . We apply the unique {l,3)-shift and get ^ = 1 
\1 0/ \1 Oy 

Note that the digraph sequence S — of A is lexikographically sorted. On 

the other hand there exists another different digraph realization G* of S, i.e. A* — 
^0 1\ 

1 . Hence, we have N{S') > N{S) but A* cannot be achieved by a shift. 
.0 1 0/ 

It is easy to transfer the concept of (i, j)-adjacent loop-digraph realizations G'^, G'2 G 
i?(S") -with some little restrictions to avoid loops - to digraph realizations. 

Proposition 6. Let S := (^) and S' ('^) be two different digraph sequences with 
tij{a') = a. Furthermore, we assume that G'l and G'2 are digraph realizations of S' 
with G[ ^ G'2. Shift{G'^,S) n Shift{G'2,S) ^ % if and only if A(G;)AA(G^,) = 
{(fc, z), (fc', j), (fc, j), (fc', i)} with {k,t), ik',j) G A{G',)\AiG'2) and (fc, j), {k', t) G A(G^)\ 
A{G'i) where k ^ [k' ,i,j} and k' ^ {k,i,j}. 

The proof can be done like in Proposition [TJ We call two digraph realizations G'^ , G'2 
with a symmetric difference like in Proposition [5] (i, j)-arfjaceni Furthermore, we also 
use the notion of M{i,j) as the set of all digraph realizations in R{S') which possess at 
least one (i, j)-adjacent digraph realization. We prove the claim of this subsection in two 
steps. First we transfer the proofs of the last chapter showing the results in a restricted 
case. This approach is analogously to the the loop-digraph realization problem. In a 
second step we prove the results for the stronger case. Here we have to change some 
approaches. Lastly, we consider minconvex sequences for digraph sequences. In this case 
we again have to modify our results with respect to loop-digraph sequences. It turns out, 
that minconvex sequences Smiti = {") possess the largest number of digraph realizations 
if T sorts the a,; of a in increasing order, i.e. a^^i) < • • • < «,-(„). 

Proposition 7. Let S := (^) and S' := ('^) be two different digraph sequences with 
tij(a') = a. Furthermore, we assume that G'l, G'2 € R{S') \ M(i,j). Applying all possible 
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(i, j)-shifts on all elements in R{S') \ M{i,j) we get a subset of R{S) which is larger or 
equals the cardinality of R(S') \ M(i,j). In particular, 

I y SMft,^,iG\S)\ > i\a', - a;-| - 1) • \R{S') \ M(*, j)l > \RiS') \ M(z, 

G'e{R{S')\M) 

Proof. Consider an adjacency matrix A' := {A'^i)i.ie{i,...,n} of ^ digraph realization S' G 
R{S'). With our assumption we have at least \a^ — a'j\ entries A'j,^ = 1 with A'f.^ = 0. 
Clearly, k ^ i but it can happen that k = j. In this case there exist at least {\a[ — a^j — 1) 
(i, j)-shifts. With our definition of transfers we have a'^ > a'^ + 2. This proves our 
claim. □ 

Proposition 8. Let S := (^) and S' :~ ("^j be two different digraph sequences with 
tij{a') = a. Applying all possible [i, j)-shifts on all elements in M{i,j) C R{S') we get 
a subset of digraph realizations R{S) which is larger or equals the cardinality of M{i, j), 
^•e- \ [JG'eMi^,,)Sh^ftiG\S)\ > |Af(*,j)|. 

Proof. Let G" € M{i,j). Then there exist four different cases for a 'schematic' adjacency 
matrix A' of G' resulting of the possible differences in the ith and jth columns. Let us 
consider such a schematic picture. 
A' = 

1 ... i ... j ... n 

1 / 



i 
j 



n \ 

Note, that j' > 1, otherwise G' ^ We distinguish between four different cases 

applying our assumption a'^ > a'^ + 2. 

case 1: a'^ = and a'j^ = 1. Then we have with j' := i' — I at least 2 possible (i, j)-shifts. 
It follows l>l. 

case 2: a'^j = and a'j^ = 0. Then we have with j' := i' — I at least 3 possible (i, j)-shifts. 
It follows l>2. 
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case 3: a'^^ = 1 and a^j = 1 . Then we have with j' := i' — I at least 3 possible (i, j)-shifts. 
It follows l>2. 

case 4: a^^ = 1 and a'^^ = 0. Then we have with j' := i' — I at least 4 possible (i, j)-shifts. 
It follows Z > 3. 

In all four cases there do exist (' J-' ) — {^^^7^) digraph realizations or no digraph 
realization. The reason is that the entries of the (i'+j') rows can be permuted maintaining 
the row sums. After all possible (i,j)-shifts in each non-empty case, we get (j/'^J^l) = 

(^^f^^-j) digraph realizations for each case. Applying Proposition [3] we obtain our claim. 
Note, that equality can only appear in case 1. □ 

Theorem 12. Let S (^) and S' := ("^j be two different sequences with tij{a') ~ a. 
Then it follows iV(S') > N{S'). 

Proof. If S' is no digraph sequence, then N{S') ~ and the inequality holds trivially. So 
let us consider the case that S' is a digraph sequence. Then S is also a digraph sequence 
with Remark [T] A digraph realizations of S' is either in M{i,j) or in R{S') \ M{i,j). 
Now we apply for all these realizations of S' all possible (i, j)-shifts. Then we get 

U Shift,^jiG',S)cR{S). 

G'eR{S') 

(Note, that not all elements in R{S) must be achieved by such shifts.) We apply 
Propositions [7] and [5] and get 

N{S) > 



> 



□ 

Theorem 13. Let S := (^) be a lexicographical decreasingly sorted sequence and S' :~ 

{"ij) a sequence such that tij{a') = a. Then it follows N{S) > N{S'). If S' is a digraph 
sequence, then we have N(S) > N{S'). 

Proof. If S' is no digraph sequence, then N{S') = and the inequality holds trivially. 
So let us consider the case that S' is a digraph sequence. Then S is also a digraph 
sequence with Remark [TJ We distinguish between the cases, that G' £ M{i,j) and 
G' € R{S')\M{i,j). For G" e R{S')\M{iJ) and > +3 we always find at least two 
possible (i,j)-shifts for each such digraph realization. For G' G M{i,j) and a[ > + 3 
consider all four cases in the proof of Proposition [51 Clearly, we find there Z > 2 in case 
1. With Proposition [3] we can prove our claim. Let us now assume a[ := a'j + 2. Again 
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y SMft,^,{G',S) 

G'^R.{S') 

[ U ShifU^,(G',S)\\J{ U Shift,,,{G\S)) 

|i?(5')\M(»,j)| + |A/(z,j)| 
N(S'). 



we consider a digraph realization G' £ R{S') \ M{i,j). Then we find for an adjacency 
matrix A' one of the following four schematic scenarios. 
A' := 
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a', a'j 

Since, a- = a'j + 2 we get 

case 1: a'^^ = and a^^ = 1. Then we have i' = 1 and so one possible (i, j)-shift. 

case 2: a'^ = and a^j = 0. Then we have i' = 2 and so two possible (i, j)-shifts. 

case 3: a[j = 1 and a^j = 1. Then we have i' = 2 and so two possible (i, j)-shifts. 

case 4: a[j = 1 and a^j = 0. Then we have with i' = 3 at so at least three possible 
(i, j)-shifts. 

If we find at least one digraph realization G' G M{i,j) for cases 2, 3, 4 — consider the 
proof of Proposition [7] — or for cases 2,3,4 above when G' G R{S') \ M{i,j), we get 
N{S) > N{S'). So, let us assume, that there only exist digraph realizations in case 1 in 
the proof of Proposition [7]or case 1 above. Furthermore, with our additional assumption 
we have a[ = a'j+2 and 1 = 1. Then arc (i, j) does not belong to any digraph realization 
of S' . Since, = Oj and S is lexicographical decreasingly sorted, we have bi > bj. Since, 
a^ j = 1, there exists in an arbitrary digraph realization G' & k ^ i, j with a[^. = 1 and 
a'-^. = 0. On the other hand we have our unique (i, j)-shift and so for a, k' ^ a'f.,.^ = 1 
and a'i^,j = 0. Note, that we can have k = k'. After applying the (i,j)-shift in G' we 
get a digraph realization G S R{S) containing a directed 3-path p := {k',j,i,k). We 
get a further digraph realization G* in R{S) if we change path p to p* :~ {k\i^ j,k). 
This is possible, since arc and and (j, fc) are not in G. On the other hand 

no (i,j)-shift can realize digraph G*, because with our assumption no G' contains arc 
and the shifts do not construct this arc. Hence, there exists at least one digraph 
realization more for S than for S' . □ 

Corollary 4. Let S (^) be a lexicographical decreasingly sorted digraph sequence and 
S' := ("jj) be a digraph sequence with a -< a'. Then N{S) > N{S'). 
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Proof. There exists at least one transfer path S" := ("^^ ),..., ("j^ )=: S' with a'"*"^ -< a* and 
tk,i+i{a^) = a'"''^ by TheoremlSl We show by induction with respect to r the correctness 
of the claim. For r = 2 we apply Theorem [T^ and get N{S') < N{S). Let us now 
assume r > 2. We consider the transfer path S^, . . . ,S. With our induction hypotheses 
we can conclude N{S'^) < N{S). For S' and 5^ we apply Theorem [HI This yields 
N{S') < N{S^) < N{S). □ 

Back to our Example lO we find with Theorem [13] that N{S') < N(S). Here the 
directed path is a directed cycle of length three. In Example 13. 31 we have to sort digraph 
sequence S in lexikographical order. That is = (2) ; (o) ' (3) ' (i) (&")■ Hence, 



the adjacency matrix is its Ferrers matrix A 



3 

/O 1 1 0\ 

110 1 

\i oy 



If we sort S' in an 



identical way we get S'^ ~ Q), (p), (3), (^) =: (^"). Hence we have a'^ -< a^, but S'„ is 
not lexikographically sorted. Hence, it is not possible to apply Theorem [T51 

In the next step we want to show that digraph sequences which possess a so-called 
opposed ordering have at least as many realizations as a sequence with a permutation 
of the second component. This leads to the result that opposed minconvex sequences 
possess the largest number of digraph realizations under all digraph realizations with n 
tuples and fixed m = 'Y^^=i Oi- We start with a definition of these sequences. 

Definition 3.4. Let S :~ itl)^ ■ • ■ ' it") digraph sequence with ai > ■ ■ ■ > an and 

bi < ■ ■ ■ <bn, then we denote S by opposed sequence. 

Proposition 9. Let S :— (^^^), ■ • • , (^") be a digraph sequence with ai > • • • > a„ and 

Sr ((,"\))' ■ • • ' (b"")) sequence where the second component of S was permuted by 
transposition t : N„ ^ N„ such that there exist I < m with bi > bm and bT^^i-^ < 6r(m)- 
Then Sr is a digraph sequence and N(Sr) > N(S). 

Proof. We define a transposition matrix Pr (-Pij)ijgN„ with 

1 if 2 = J A i, j ^ l,m 
Pij ^ 1 ii i = I , j ~ m W i — m, j — I . 
otherwise 

We consider for each digraph realization of S or Sr the corresponding adjacency ma- 
trix A or Ar , respectively. First we give an instruction how to construct for each digraph 
realization G G R{S) one or two digraph realizations Gr of R{Sr). In some cases it can 
happen that two of such constructed digraph realizations are identical. Nevertheless, we 
prove that N{Sr) > N'{S). Furthermore, we define a function b : R{S) i-> R{Sr) for four 
different cases with b{A) := PrA — F where F := (Fij)ijgN^ is a matrix which is defined 
in the following way. 

case 1: For Ai„i ~ and A„ii = we set Ar :~ PrA and F -.^ 0. 

case 2: For Aim = 1 and Ami = 1 we set ^7- := PrA — F with Fu = F„un ~ 1, 
Fim = F{ml) = —1 and all other entries Fij = 0. 
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case 3: For Aim = 1 and Ami = we find a.k ^l,m with Aki = 1 and Akm = 0; because 
o; > o,m- Since we get an identical sequence Sr = S for the case ai = am (up to 
permutation), we can assume that ai > a,„. Hence, there exists a further k' ^ l,m,k 
with Ak'i = 1 and Ak'm = 0. We set A^ := P^A - with = = 1, 

Fl^ = Fi,, = —1 and all other entries Fl, — 0. Furthermore, we construct a further 
digraph reahzation Al := PrA - with = F,^„ 1, ,^ = ; = -1 and 
all other entries = 0. Note, that all digraph realizations of Sr in this case are 
pairwise distinct. Otherwise, we would find and A^ with Pt-A^—F^ ~ PrA^—F^. 
This is equivalent to A'^ - =: A* with A^, = 1. It follows = 1 and = 
in contradiction to our assumption in this case that A'^^ = 1. 

case 4: For Aim = and Ami = 1 we find k, k' ^ I, m with k ^ k' and Aik = Aik' = 1 
and Amk = Amk' = 0, because we have with our assumption bi > bm- We set 
Al := PrA - F^ with Fi] = F^^ = 1, Fi\ = F^; = -1 and all other entries 
Flj = 0. Furthermore, we construct a further digraph realization := PrA — F^ 
with F^i = F^fc, = 1, F;|, = F^i = -1 and all other entries = q ^ote, that 
digraph realizations of Sr in this case are pairwise distinct. Otherwise, we would 
find A^ and with PrA^ - F^ = PrA^ - F^. This is equivalent to A^ - =: A* 
with = 1. It follows A^jj, = 1 and A^^^, = in contradiction to our assumption 
in this case that A]^^, = 0. 

Let us denote the digraph realizations of St- in case 1 to case 4 by i?i ( 5,- ) , i?2 ( S'r ) , i?3 ( 5',- ) 
and i?4(5'r) and the digraph realizations of S' in these cases by Ri{S) , R2{S) , i?3(5'), i?4(5'). 
It is easy to see that Ri{Sr) f] -^jX'^'t) = for the following pairs of (i, j) G {(1, 2), (2, 3), 
(1,3), (1,4), (2,4)}. The reason is that we find by our assumption for a digraph of Sr, 
Gr or Gl,Gr, respectively, that 

easel: {l,m), {m,!) ^ A{Gr), 

case 2: {l,m), {m,l) G A{Gr), 

case 3: (/,m) ^ A(G^) and (m, /) G ^(6*^) where i e {1,2}, and 

case 4: {l,m) ^ A{G\) and (m,/) G A(G;) where i G {1,2}. 

Note, it can happen that Rj,{Sr) Pi ^ii^r) 0- Without loss of generality, we assume 
that |i?3(5')| > |i?4(5)|. Clearly, with our instruction of case 3, we construct in this case 
2|i?3(iS')| digraph realizations of Sr- Hence, we find 

NiSr) > \Rl{Sr) U R2{Sr) U RsiSr) U RiiSr)\ 

> \R,{S)\ + \R2{S)\+2\R3{S)\ 

> |i?i(5)| + \R2{S)\ + \R3{S)\ + \R4{S)\ 
= NiS). 

□ 

Since each S can be permuted by a sequence of transpositions in its opposed sequence 
Sa we can apply the last Proposition at each step and get the following result. 
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Theorem 14. Let S := (^^^), . . . , (^") be a digraph sequence with ai > ■ ■ ■ > a„ and 

Sa ■= (h^j^j)! • ■ • I (b"")) opposed sequence where the second component of S was per- 
muted by a permutation a : N„ M- N„. T/ie« is a digraph sequence and N{Sa) > N{S). 

Consider two simple examples. S := (2), (^), (2) and its opposed sequence So- '■= 
(1)' (2)' (2) both threshold sequences and each possesses exactly one digraph real- 
ization. S :~ (^), (q) , (2) is not a digraph sequence but its opposed sequence So- '■— 
(0)' (1)' (2) ^ threshold sequence. Hence we have N{S) < N{Sr)- 

In a last step of this subsection we again consider minconvex sequences. First we 
repeat the definition of integer sequence a := (ai, . . . , a„) for a constant m G N with 
m < (2) by 

{TO div(n) + 1 for i G {1, . . . , to mod (n)} 
TO div(n) for i G {m mod (n) + 1, . . . , n} 

Definition 3.5. Letr : \V\ ^ \V\ bean arbitrary permutation and ar = (q!,-(i), . . . , ar(n)) 
a permutation of integer sequence a. We call a sequence 




minconvex sequence. 

Now. we are able to prove the general result for minconvex digraph sequences. 

Corollary 5. Let S := (^) be an arbitrary digraph sequence with X]r=i = 'ti, ai > 
• • • > a„. Then we find for the opposed minconvex sequence Smiu that N{SMin) > N(S). 

Proof. We define the following sequences. 

1. S' := (^) and S'^ :— (^^) with decreasingly sorted 

2. S" := ("j). 

It is easy to see that a ^ a and a ^ br (Theorem [TT]) . Hence, we find by an iterative 
application of Theorem [H] and Remark [U that N{S) < N{S') and N{S!,) < N{S") if we 
change the components of 5; and S". Clearly, N{S') = N{S'^) and N{S") < N{SMin) 
with Theoremini It follows N{S) < N{SAUn)- □ 



3.3. The number of graph realizations and majorization 

The connection between the number of graph realizations and majorization can easily 
be proved using the results of the last subsection. For that we consider instead the 
graph sequence s := (oi, . . . , a„) digraph sequence S := (^^j), . • . , (°") and restrict the 
set of all digraph realizations to symmetric digraphs, i.e. for each (v, w) G A{G) also 
exists {w,v) G A{G). The set of all graph realizations we denote by R{s) and we set 
N{s) := \R{s)\. The set of all symmetric digraph realizations of S we denote by R{S) 
and set N(S) := \R{S)\. Clearly, we cannot use the notion of shifts of the last two 
subsections, because this would result in a non-symmetric digraph realization. On the 
other hand, we can simply distinguish between horizontal (i,j)-shifts and vertical (i,j)- 
shifts. Hence, horizontal (i, j)-shifts for an adjacency matrix A' of G" G R{s') are exactly 
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the (z, j)-shifts of Definition 13.31 Vertical (i, j)-shifts correspond to horizontal (i, j)-shifts 
in the sense that the symmetric entries have to be shifted in the corresponding columns. 
(Note, that with this definition loops will be excluded.) Clearly, if we always apply 
horizontal and vertical shifts simultanously we again yield a symmtric realization and 
so a graph realization. As in the Proposition [S] two symmetric digraph realizations are 
(i, j)-adjacent if there symmetric difference can be found on the ith and jth columns of 
their adjacency matrices. Clearly, there exist the corresponding symmetric difference on 
their rows. We use the notion of (i, j')-adjacency in this new sense. We transfer the notion 
of M(i, j) here to the set of all symmetric digraph realizations of S which possess at least 
one (j, j)-adjacent symmtric digraph realization in R{S). It turns out, that the case of 
the graph realization problem is more simple than the case of the digraph realization 
problem. One reason is that each S is decreasingly lexicographical sorted if the s is 
decreasingly sorted. Another point is the absence of difficult cases as they appear in the 
proof of Theorem [T31 

Theorem 15. Let s := (ai, . . . ,a„) be a decreasingly sorted integer sequence and s' := 
{a'l, . . . ,ajj) an integer sequence such that tij{s') = s. Then it follows N{s) > N(s'). If 
s' is a graph sequence, then we have N{s) > N{s'). 



Proof. We consider sequences S 



O ' • ■ • ' C:) S' :=(:,;),..., Cv) . We distinguish 
for G' G R{S') between the two cases G" S M{i,j) and G" G R{S') \ M{i,j.) Consider 
the following two possible schematic matrices for these cases. 



case 1: G' G R{S') \ M{i, j). We consider a schematic picture for different i' . A' 



Since, A' is symmetric we have the two possibilities a) a^j = and a'j^ = and b) 
a'^j = 1 and a'j^ = 1. Hence, we have at least two possible vertical and two possible 
horizontal (i, j)-shifts. It follows that the number of symmetric digraph realizations 
of S is at least twice the cardinality of R{S') \ M{i,j). 

case 2: G' G M{i,j.) Again we consider all possible scenarios for pairs (i',j') see the 
proof of Proposition [51 We show a schematic picture. 
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3 



Note, that f 



-I and j' > 1. Since, A' is symmetric we have the two possibiUties 



a) ■ = and a' ^ = and b) ■ = 1 and 



1. Hence, we have at least three 



possible vertical and three possible (i,j)-shifts and so I > 2. In both cases do 



exist (^*^, ) digraph realizations for S' and (j?!;^]^) digraph realizations of S. With 

Proposition [3] we have > (^'-r')- 

Since, there exists a bijective mapping between symmetric digraph sequences and graph 
sequences, case 1 and case 2 lead to N{s) > N{s'). □ 

Corollary 6. Let s (ai, . . . ,a„) be a decreasingly sorted integer sequence and s' := 
{a'l, . . . ,ajj) an integer sequence with s ^ s' where s =/= s' . Then N{s) > -/V(s'). 

Proof. There exists at least one transfer path s' :— s^,. .. , s'' =: s with s'+^ -< and 
tk,i{s^) = s'^'^^ by Theorem [S] We show by induction with respect to r the correctness 
of the claim. For r = 2 we apply Theorem ITS] and get N{s') < N{s). Let us now 
assume r > 2. We consider the transfer path s^, . . . , s. With our induction hypotheses 
we can conclude N{s'^) < N{s). For s' and we apply again Theorem [T5] This yields 
iV(s') < N{s^) < N{s). □ 

Similar to the loop-digraph case a transfer path for graph sequences is strongly mono- 
tone with respect to the number of realizations. This is not always the case for digraph 
sequences. So we can find a similar result for a special type of transfer paths like in 
Corollary [1] leading to an exponential lower bound for the number of graph realizations. 
Lastly, we again find a result for minconvex graph sequences. 

Corollary 7. Let s :~ (ai, . . . ,a„) be an arbitrary graph sequence with X]r=i ~ 
a-n- Then we find for the minconvex sequence a that N{a) > N{s). 

Proof. With Theorem [TT] we find that a ^ s. Applying Corollary [S] we get N{a) > 
N{s). □ 
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